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Abstract 



Supergroups are denned in the framework of 2^-graded Clifford algebras over the fields 
of real and complex numbers, respectively. It is shown that cyclic structures of complex 
and real supergroups are defined by Brauer-Wall groups related with the modulo 2 and 



modulo 8 periodicities of the complex and real Clifford algebras. Particle (fermionic and 



bosonic) representations of a universal covering (spinor group Spin + (1,3)) of the proper 
orthochronous Lorentz group are constructed via the Clifford algebra formalism. Complex 
and real supergroups are defined on the representation system of Spin + (1, 3). It is shown that 
a cyclic (modulo 2) structure of the complex supergroup is equivalent to a supersymmetric 
action, that is, it converts fermionic representations into bosonic representations and vice 
versa. The cyclic action of the real supergroup leads to a much more high-graded symmetry 
related with the modulo 8 periodicity of the real Clifford algebras. This symmetry acts on 
(NJ ' the system of real representations of Spin + (1, 3). 
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1 Introduction 



It is well known that Clifford algebras (systems of hypercomplex numbers) have a broad applica- 
tion in many areas of mathematical and theoretical physics. From historical point of view, Clifford 
algebras have essentially geometric origin pQ , because they are the synthesis of Hamilton quater- 
nion calculus |2j and Grassmann Ausdehnungslehre {3], and by this reason they called by Clifford 
as geometric algebras (3J. Further, Lipschitz [5] showed that Clifford algebras are related closely 
with the study of rotation groups of multidimensional spaces. After fundamental works of Cartan 
[6], Witt [7] and Chevalley [8] the Clifford algebra theory takes its modern form [9j [TUl HT] . It is 
known that Clifford algebras inherit Z^-graded structure from the Grassmann algebras. This fact 
allows one to define Cliffordian supergroups using a classical theory of formal Lie groups p21 [13] . 
Along with the Z 2 -graded structure Clifford algebras possess modulo 2 and modulo 8 periodicities 
over the fields of complex and real numbers, respectively (see [T^ [T5 | [T6]). These periodic relations 
are described by Brauer-Wall groups [T71 [18]. The cyclic (modulo 2 and 8) structure is the most 
essential property of the Cliffordian supergroups. 

In the present work we consider the field ift(ot) = (x, flit/') on the representation spaces of 
a spinor group Spin + (1,3), where x G T 4 and Q G Spin + (1,3) (T 4 is a translation subgroup of 
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the Poincare group V). At this point, four parameters x M correspond to position of the point- 
like object, whereas remaining six parameters z e Spin + (1,3) define orientation in quantum 
description of orientable (extended) object [191 [20]. I n general, the field ij){ot) is defined on the 
homogeneous space .Mio = R 1 ' 3 x ^6 (a group manifold of V), where R 1 ' 3 is the Minkowski 
spacetime and £6 is a group manifold of SOo(l, 3). On the other hand, the space A^io = R 1 ' 3 X £e 
can be understood as a fiber bundle, where a bundle base is R 1,3 . All intrinsic properties of the 
field if>{ot) are described within the group Spin + (1,3) and its representations. 

The paper is organized as follows. A short introduction to the Clifford algebra theory is given in 
section 2. Z 2 -graded Clifford algebras, Brauer-Wall supergroups and Trautman diagrams (spinorial 
clocks) are considered in section 3 over the fields of real and complex numbers. Complex and real 
representations of the field if){cz) = (x, g of different types are constructed in section 4 within 
representations of Spin + (1, 3). A relationship between tensor products of the Clifford algebras and 
a Gel'fand-Naimark representation basis of the proper orthochronous Lorentz group is established. 
Complex and real supergroups are defined on the representation systems of Spin + (1, 3) in section 
5. 



2 Algebraic preliminaries 

In this section we will consider some basic facts concerning Clifford algebras. Let F be a field 
of characteristic (F = R, F = C), where R and C are the fields of real and complex numbers, 
respectively. A Clifford algebra Ci over a field F is an algebra with 2 n basis elements: e (unit 
of the algebra) ei, e 2 , . . . , e n and products of the one-index elements e^...^ = e^e^ . . . e ik . Over 
the field F = R the Clifford algebra is denoted as C£ m , where the indices p and q correspond to 
the indices of the quadratic form 

of a vector space V associated with C£ m . The multiplication law of C£ Ptq is defined by a following 
rule: 

e- = <?{p - i)e , BiBj = -e^Ci, (1) 

where 

-1 if n < 0, 



a(n) = < Z t - (2) 
v ' \ +1 if n > 0. y J 

The square of a volume element u = ei2... n (n = p + q) plays an important role in the theory of 
Clifford algebras, 

2 f -1 if P~ Q = 2,3,6,7 (mod 8), ( ) 

\ +1 if p-q = 0,1,4,5 (mod 8). {) 

A center Z p (? of the algebra C£ p>q consists of the unit eo and the volume element u. The element 
w = ei2... n belongs to a center when n is odd. Indeed, 

ei2...«ei = (-l) n "V(g - i)e 12 ...i- li+1 ... n , 
eiei2... n = (-l) 4_1 cr(g - i)e 12 ...i_i l+ i... n , 

therefore, u G Z p (? if and only if n — % = % — 1 (mod 2), that is, n is odd. Further, using 02]) we 
obtain 

1 if p- q = 0,2,4,6 (mod 8), 



i l,w ifp-g = 1,3,5,7 (mod 8). 1 j 
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An arbitrary element A of the algebra C£ p>q is represented by a following formal polynomial 

n n n n n 

a = a °e + + H a * e « + • • • + J2 ■ ■ ■ J2 all " Ake n... ik + 

i=l i=l j = l «1 = 1 *fe = l 



n 

'i«2...ifc 



+ ... + a 12 -"e 12 ... n = ^a' 1 

k=0 

In Clifford algebra C£ there exist four fundamental automorphisms. 

1) Identity: An automorphism A — )■ ^4 and — >■ e^. 

This automorphism is an identical automorphism of the algebra C£. A is an arbitrary element of 

a. 

2) Involution: An automorphism A — > A* and — > — e^. 

In more details, for an arbitrary element A G CI there exists a decomposition A = A' + *4", 
where -4/ is an element consisting of homogeneous odd elements, and A" is an element consisting 
of homogeneous even elements, respectively. Then the automorphism A — > A* is such that the 
element A" is not changed, and the element A' changes sign: A* = — A'+A". If A is a homogeneous 
element, then 

A* = (-l) k A, (5) 

where A; is a degree of the element. It is easy to see that the automorphism A — > A* may be 
expressed via the volume element lo = ei 2 ... p + 9 : 

A* = luAuj- 1 , (6) 

where a; -1 = (— 1) {P+q) a +9 ~ui. When k is odd, the basis elements e^...^ the sign changes, and 
when k is even, the sign is not changed. 

3) Reversion: An antiautomorphism A — > A and e^ — > e,. 

The antiautomorphism A — > A is a reversion of the element A, that is the substitution of each 
basis element e ili2 ^ Ak G A by the element ej fc j fc _ 1 ...j 1 : 

_ ,_ n Mfc-i) 
e ifci fc _l...«l — I *-) 2 e ht2---ik- 

Therefore, for any „4 G we have 

~ k(k-l) 

A=(-1)^A. (7) 

4) Conjugation: An antiautomorphism A — > A* and ej — > — e^. 

This antiautomorphism is a composition of the antiautomorphism „4 — > ^4 with the automorphism 
A — > A*. In the case of a homogeneous element from the formulae ([5]) and ([7]), it follows 

- — fc(fe+i) 

A* = (-1) ^ A (8) 

The all Clifford algebras Ci VA over the field F = M. are divided into eight different types with 
a following division ring structure. 

I. Central simple algebras. 

1) Two types p — q = 0, 2 (mod 8) with a division ring K ~ R. 

2) Two types p — q = 3, 7 (mod 8) with a division ring K ~ C. 
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!(2) H(2) 2 H(2) H(4) C(8) 

L(4) C(4) H(4) 2 H(4) H(8) 

1(4) R(8) C(8) H(8) 2 H(8) 

1(8) 2 R(8) R(16) C(16) H(16) 

:(8) R(16) 2 R(16) R(32) C(32) 

1(8) C(16) R(32) 2 R(32) R(64) 

1(8) M(16) C(32) R(64) 2 R(64) 



Tab. 1: Distribution of the real Clifford algebras. 



3) Two types p — q = 4, 6 (mod 8) with a division ring K ~ H. 
II. Semi-simple algebras. 

4) The type p — q = 1 (mod 8) with a double division ring K ~ R © R. 

5) The type p — q = 5 (mod 8) with a double quaternionic division ring K ~ H © H. 

The Table 1 (Budinich-Trautman Periodic Table [16]) explicitly shows a distribution of the real 
Clifford algebras in dependence on the division ring structure, here 2 R(n) = R(n) © R(n) and 
2 H(n) = H(n)©H(n). 

Over the field F = C there is an isomorphism C n ~ Mat 2 n/2 (C) and there are two different 
types of complex Clifford algebras C n : n = (mod 2) and n = 1 (mod 2). 
When C3? Pi9 is simple, then the map 

Ci Pt q — ^ End K (S), u — >■ 7(w), l{u)ip = uip (9) 

gives an irreducible and faithful representation of Ct VA in the spinspace S 2 m(K) ~ I pq = C£p !q f, 
where ip G §2™, m = ^j 2 , I P ,q is a minimal left ideal of Ct VA . 
On the other hand, when C£ p%q is semi-simple, then the map 

a M _^End Kffii (§©§), u— ►tH T(«^ = ^ (10) 

gives a faithful but reducible representation of C? Pi? in the double spinspace 8 © S, where S = 
G §}• In this case, the ideal § © § possesses a right IK © K-linear structure, K = {A|A G IK}, 
and IK © K is isomorphic to the double division ring R © R when p — q = 1 (mod 8) or to H © H 
when p — q = 5 (mod 8). The map 7 in (jUJ) and ([TO]) defines the so called left-regular spinor 
representation of C£(Q) in § and § © S, respectively. Furthermore, 7 is faithful which means that 
7 is an algebra monomorphism. In (jOJ), 7 is irreducible which means that § possesses no proper 
(that is, 7^ 0, §) invariant subspaces under the left action of 7(1*), u G Ot p>q . Representation 7 
in ffTOj) is therefore reducible since {(ip,0)\ip G §} and {(0,0) \tp G §} are two proper subspaces of 
§ © S invariant under j(u) (see [UJ, [OJ HO]). 
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3 Z 2 -graded Clifford algebras and Brauer-Wall groups 



The algebra C£ is naturally Z 2 -graded. Let C£ + (correspondingly C£ ) be a set consisting of all even 
(correspondingly odd) elements of the algebra C£. The set C£ + is a subalgebra of Ci. It is obvious 
that C£ = C£+ © CT, and also C£ + C£+ c CX+, C£+C£- c CT, C£~C£ + C CT, CTCr C «+. A 
degree dega of the even (correspondingly odd) element o G d is equal to (correspondingly 1). 
Let 21 and 23 be the two associative Z2-graded algebras over the field F; then a multiplication of 
homogeneous elements a' G 21 and b G 23 in a graded tensor product 2l©23 is defined as follows: 
(o © b)(a' © &') = (-l) de s bde s a 'ao' © bb'. 

Theorem 1 (Chevalley [21J). Lei V and V are vector spaces over the field F and Zet Q and Q' are 
quadratic forms for V and V . Then a Clifford algebra C£(V © V, Q © Q') is naturally isomorphic 
toC£(V,Q)(g)C£(V',Q'). 

Let C£(V, Q) be the Clifford algebra over the field F = R, where V is a vector space endowed 
with quadratic form Q = x\ + . . . + x 2 — . . . — x^ +q . If p + q is even and u 2 = 1, then C£{V ) Q) is 
called positive and correspondingly negative if u 2 = —1, that is, C£ PA >0ifp — g = 0,4 (mod 8) 
and C£ PA <0ifp-g = 2,6 (mod 8). 

Theorem 2 (Karoubi [22, Prop. 3.16]). 1) IfC£(V,Q) > and dim V is even, then 

C£(V @V',Q@ Q') ~ CE(F, Q) © C^V, Q')- 

If C£{V,Q) < and dimV even, then 

C£(V @V',Q® Qf) ~ CE(y, Q) © a(V, -Q')- 

Over the field F = C the Clifford algebra is always positive (if u 2 = e\ 2 p+q = — 1, then we can 
suppose u = iei2...p+ q ). Thus, using Karoubi Theorem, we find that 

C 2 ©---©C 2 ~C 2m . (11) 

V v ' 

m times 

Therefore, the tensor product in (iTTj) is isomorphic to C 2m . For example, there are two different 
factorizations C£\ \ © C£ 2 and C£\ \ © C£ 2 o for the spacetime algebra C£\ 3 and Majorana algebra 
C£ 3>1 . 

3.1 Supergroups 

Let us consider graded tensor products 2li©2l 2 and 2li©2l 2 ©2l 3 over the field F of characteristics 
0, where 21 = CX p<q over the field F = R and 21 = C n over F = C. These products possess the same 
properties as the algebra 21. Let e- (i = 1, . . . , ni), e" (i — 1, . . . , n 2 ), e-" (i = 1, . . . , n 3 ) be the 
units of the algebras 2lj. Then the units of the algebras 2li©2t 2 and 2ti©2l 2 ©2l 3 are the sets e^, e" 
and ej, ej, e' fc ", respectively. General elements of the algebras 2li©2l 2 and 2li©2l 2 ©2l 3 are formal 
polynomials from rii + n 2 and n\ + n 2 + n 3 units. Dimensionalities of 2li©2l 2 and 2ti©2t 2 ©2l 3 are 
equal to 2 ni+ ™ 2 and 2 ni+ " 2+n3 , respectively. 

Let d be a mapping of 2l©2l into 21 (d defines a multiplication operation in the algebra 21: 
d ai ®a,2 = a i a 2)- Further, let us suppose rj(k) = ke , where e is the unit of the algebra 21, 
k G F, and e a = a(0). The mapping rj defines a natural embedding of the field F into 21, e is an 
homomorphism of the algebra 21 into the field F. 
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Definition 1. The algebra 21 is called a supergroup space if there exist the homomorphism 7 
21 — > 2l(8>2l and an isomorphism O : 21 — > 21 wrat/i t/ie following commutative diagrams: 



21(821 




21 j 21 



i®0 

21(821 ► 2l©2t 

7 d (14) 

2l^-F^-2l 

Definition 2. TTie totality G(2l, 7, O) called a Cliffordian supergroup. 
The homomorphism 7 is defined as follows. Let 

/: V— >CK(V',Q') 

be canonical mappings (linear mappings of the vector spaces into the algebras). Let us assume 
that V and V are mutually orthogonal, then V © V. Let 

f : v © y — >• ck(v, g)<8«(^, q') 

be a canonical mapping of the direct sum V © V' into the graded tensor product of the Clifford 
algebras defined by the formula j"(v,v') = j(v) © 1 + 1 © j(v'), where v and v' are vectors of 
the spaces V and V, respectively. Hence it immediately follows that (j"(v,v')) 2 = [(j(v)) 2 + 
(j'(v')) 2 ] ■ 1 = [Q(v) + Q'{v')\ ■ 1, since v and v' are orthogonal. Thus, the mapping j" induces an 
homomorphism 

i> : C£(V @V',Q@ Q') — ► CK(V, Q)(8)CK(V r ', Q'). 

Let 

7: d(V,Q)^C!(V©nQ©Q'). (15) 

7 ': a(V, q') — > a(v ®v',q® q') (16) 

be homomorphisms induced by embeddings of V and V into V@V . Since V and V' are orthogonal 
in V © V, then there exists an equality ^{x)^'{x') = (—i} de & xde & x -y'(^x')^(x), where x and x' are 
homogeneous elements of the algebras C£(V,Q) and C£(V',Q'). Therefore, 7 and 7' define an 
homomorphism 

9 : C£(V, Q)®a(V, Q') — >• CK(V © , Q © Q') 
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by the formula 9{x®x') = r ){x) r )'{x'). It is obvious that the homomorphisms ip and 9 are mutually 
invert ible. 

The homomorphism 7®/ is understood as follows. Let f{a,e) = Yl a ll '"' lk e.i 1 • • • &i k be a 

k>0ii,—,ik 

general element of the algebra 21, a n " Ak G F. If f(ai, ei; 02, e 2 ) = /i(ai, ei)/ 2 (a 2 , e 2 ) is an element 
of the algebra 21(8)21, then 

(7 ® //)(ai, e x ; a 2 , e 2 ; a 3 , e 3 ) = (7/1) (fli, e x ; a 2 , e 2 )/ 2 (a 3 , e 3 ) 

defines an action of the homomorphism 7 g) J. The homomorphisms J (g> 7, J <g> £, / <8> O are defined 
analogously. 

The diagrams (|T2|) - (|T3|) present the axioms of associativity, right unit and right inverse element, 
respectively. The first two diagrams show that 7 and e define on 21 the structure of a co-algebra. 

The conditions (j!2p — (j!4p coincide with axioms for classical formal groups [12]. The main 
difference from the classical case consists in the permutation conditions e^ej = (— l) degeidege J'ejej 
for the unuts of the graded algebra 21. As in the case of classical theory, one can establish a left 
analog of the equalities (fl3l) and (fT4|) [13J. 

Let us consider a supergroup G(2l, 7, O) over the field F = R. In this case we have 21 = C£ PA . 
The real Clifford algebra C£ Ptq is central simple if p — q ^ 1,5 (mod 8). The graded tensor 
product of the two graded central simple algebras is also graded central simple [T71 Theorem 
2]. It is known that for the Clifford algebra with odd dimensionality, the isomorphisms are as 
follows: dp jq+1 - (X P , q and Cl+ +1>q ~ C£ q:P [231 [23- Thus, C£+ q+1 and C£ + p+ ^ q are central simple 
algebras. Further, in accordance with Chevalley Theorem for the graded tensor product there is 
an isomorphism Cl VA ®C£ p i ^ ~ CX. p+p > >q+q i . Two algebras C£ PA and C£ p 'tf are said to be of the 
same class if p + q' = p' + q (mod 8). The graded central simple Clifford algebras over the field 
F = R form eight similarity classes, which, as it is easy to see, coincide with the eight types of 
the algebras C£ Ptq . The set of these 8 types (classes) forms a Brauer-Wall group BW^ [13 [18]. It 
is obvious that an action of the supergroup BWr = G(C£ Ptq , 7, O) has a cyclic structure, which 
is formally equivalent to the action of cyclic group Zg. The cyclic structure of the supergroup 
BWr may be represented on the Trautman diagram (spinorial clock) [T^, [TH] (Fig. 1) by means 

of a transition C£ pq — — >■ C£ Pjq (the round on the diagram is realized by an hour-hand). At this 
point, the type of the algebra is defined on the diagram by an equality q — p = h + 8r, where 
h E {0,...,7}, r G Z. 




^ H 

p — q = 4 (mod 8) p — q = 5 (mod 8) 



Fig.l The Trautman diagram for the Brauer-Wall group BWr- 
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n = 1 (mod 2) 

C dd 




n = (mod 2) 



Fig. 2 The Trautman diagram for the Brauer-Wall group BWc- 

It is obvious that a group structure over Qt PA , defined by BW-r, is related with the Atiyah- 
Bott-Shapiro periodicity [H]. In accordance with [13], the Clifford algebra over the field F = R is 
modulo 8 periodic: CX p+ 8, q — Ct VA <g> d 8 ,o (C^ P , q +8 — (% P ,q ® C^o,s)- 

Further, over the field F = C, there exist two types of the complex Clifford algebras: C n 
and C n+ i ~ C n © C n . Therefore, an action of BWc, defined on the set of these two types, 
is formally equivalent to the action of cyclic group Z 2 . The cyclic structure of the supergroup 
BWc — G(C n , 7, O) may be represented on the following Trautman diagram (Fig. 2) by means of 

a transition C,+ — > C„ (the round on the diagram is realized by an hour-hand). At this point, the 
type of the algebra on the diagram is defined by an equality n = h + 2r, where h £ {0, 1}, r £ Z. 
It is obvious that a group structure over C n , defined by the group BWc, is related immediately 

with a modulo 2 periodicity of the complex Clifford algebras [IUE2]: — C n <E> C 2 . 

3.2 Superalgebras 

As in the case of classical theory of groups and algebras, the supergroup G(2t, 7, O) corresponds 
to a superalgebra (or Z 2 -graded Lie algebra). Z 2 -graded linear space over the field F, endowed 
with a bilinear operation [Xi, X%], is called a superalgebra. At this point, the operation [Xi,X 2 ] 
satisfies the following conditions: 

[X 1 ,X 2 \ = _(_l)deg(X 1 )deg(X 2 ) [X2?Xi] ) 
(_l)de g (*i)deg(X 3 ) [ Xl; [X 2 ,X 3 ]} + (_l)deg(X 2 )deg(X 1 ) ^ [ Xa ,Xi]] + 
+ ( _ 1) deg(X 3 )d eg (X 2 ) [ Xli X 2 ]] = 0, 

deg ([X U X 2 ]) = deg(A 1 ) + deg(A 2 ). 

4 Clifford algebras and representations of Spin + (1,3) 

Let us consider the field 

il>(a) = (x, S \iJ>), (17) 

where x £ T 4 , q £ Spin + (1,3). The spinor group Spin + (1,3) ~ SU(2) ® SU(2) is a universal 
covering of the proper orthochronous Lorentz group SOo(l,3). The parameters x £ T 4 and 
g £ Spin + (1, 3) describe position and orientation of the extended object defined by the field (IT7|) 
(the field on the Poincare group). 

Theorem 3. Let Spin + (1,3) be the universal covering of the proper orthochronous Lorentz group 
SOq(1,3). Then over F = C the field (1,0) © (0,/) is constructed in the framework of a complex 
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finite-dimensional representation (£ lo+l1 1 >° © (£?> l ° of Spin + (1,3) defined on the spinspace 
§ 2 fc © §2 r i/ie algebra 

c 2 © c 2 © • • • © c 2 ffi C 2 © C 2 © • • • © c 2 , 

" /M ^ V v ' 

k times r times 

where (l , 1%) = (§, f + l) ; (— Z , Zi) = (— § , § + l) ■ In turn, the field (/', I") © (Z", V) is constructed 
in the framework of a representation (rfo+h-ijo-h+i ^ gio-h+i,io+h-i 0/ Spin, (1,3) defined on the 
spinspace § 2 *+r © E> 2 k+ r with the algebra 




k+r times r+k times 



where (Z ,Zi) = ^j 1 + !)■ ^ e cose o/F = R £/ie /ieW i/K 01 ) °/ (Zo>0) is constructed 
within real representations Wl + = {91q, £H 2 °, ^ 4 °, i5 6 } o/Spin + (l,3) defined on the spinspace § 2 r- 
witt t/ie algebra 

a m ~ ce 8ijt © c? a . )t © • • • © a Sijt 

11 v ' 

r times 

where Si,tj G {0,1,2}. In turn, the field tj}{cx) of type (Zo,0) U (0,Zo) constructed within rep- 
resentations 9Jt = {£37, £Hq2 U ^o°2)-^4°6 U J}^} o/Spin + (l,3) defined on the double spinspace 
§ 2 r U § 2 r loit/i the algebra 

a M ~ a Si)t © a Si>tj © • • • © c? 84it I) a sa . © © • ■ ■ © a s ., t . 

V V ' V v ' 

r times r times 

Proof. 1) Complex representations. 

Since the spacetime algebra Cl\^ is the simple algebra, then the map (Q gives an irreducible 
representation of CCi^ in the spinspace §2 (HI)- In turn, representations of the group Spin + (1, 3) G 
C£f 3 ~ Clsfi are defined in the spinspace S 2 (C). 

Let us consider now spintensor representations of the group C5 + ~ SL(2; C) which, as is known, 
form the base of all the finite-dimensional representations of the Lorentz group, and also we 
consider their relationship with the complex Clifford algebras. From each complex Clifford algebra 
C n = C © C£ P:q (to = p + q) we obtain the spinspace S 2 n/2 which is a complexification of the 
minimal left ideal of the algebra Cl p>q . S 2 n/2 = C © I p>q = C © C£ Ptq f pq , where f pq is the primitive 
idempotent of the algebra Cl m . Further, a spinspace related with the Pauli algebra C 2 has the 
form § 2 = C © I 2 , = C © 6^2,0/20 or § 2 = C © I x>1 = C © a 1A f u (C © J 0)2 = C © Cl^ 2 f m ). 
Therefore, the tensor product of the k algebras C 2 induces a tensor product of the k spinspaces 
§2: 

§2©§ 2 ©---©§ 2 =§ 2fc . 

Vectors of the spinspace § 2 fc (or elements of the minimal left ideal of C 2 fc) are spintensors of the 
following form: 

s aia2-a k = S ai © S° 2 © ■ ■ ■ © S° k , (18) 

where summation is produced on all the index collections (ai...ak), cti = 1,2. For the each 
spinor s ai from f fl8|) we have 's a » = a^s ai . Therefore, in general case we obtain 

's< a '*< = J2 a *l a % ■ ■■°is a ^- a K (19) 
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A representation f)19p is called undotted spintensor representation of the proper Lorentz group of 
the rank k. 

Further, let C2 be the Pauli algebra with the coefficients which are complex conjugate to 

the coefficients of C2. Let us show that the algebra C2 is derived from C2 under action of the 
automorphism A — > A* or antiautomorphism A ^ A (see the definitions (EJ) and (J7J)). Indeed, in 
virtue of an isomorphism C2 — C^3,o a general element 

3 33 
A = a°e + ^ a * e * + ^2 aiie ^ + fll23e i23 

i=l i=l j=l 

of the algebra Otz,o can be written in the form 

A = (a + ua 123 )e + (a 1 + wa 23 )ei + (a 2 + ua 31 )e 2 + (a 3 + wa 12 )e 3 , (20) 

where u = e 12 3. Since cu belongs to a center of the algebra Ct%$ (u commutes with all the basis 
elements) and u 2 = —1, then we can to suppose u = i. The action of the automorphism * on the 
homogeneous element A of the degree k is defined by the formula (j5]). In accordance with this the 
action of the automorphism A — > A*, where A is the element fj20|) . has the form 

A — >A*= ~(a° - wa 123 )e - (a 1 - ua 23 )^ - (a 2 - wa 31 )e 2 - (a 3 - wa 12 )e 3 . (21) 

Therefore, * : C2 — > — C2. Correspondingly, the action of the antiautomorphism A — > A on the 
homogeneous element A of the degree k is defined by the formula (J7|). Thus, for the element (T2"0~|) 
we obtain 

A — > A = (a - ioa 123 )e + (a 1 - wa 23 )ei + (a 2 - ua 31 )e 2 + (a 3 - wa 12 )e 3 , (22) 

that is, ~ : C2 — > C2. This allows us to define an algebraic analogue of the Wigner's representation 

doubling: C 2 © C 2 . Further, from pjj it follows that A = A x + w„4 2 = (a°e + a 1 e 1 + a 2 e 2 + 
a 3 e 3 ) +a;(a 123 eo + a 23 e 1 + a 31 e2 + a 12 e3). In general case, by virtue of an isomorphism C 2 k — C£ p ^ q , 
where Cl VA is a real Clifford algebra with a division ring K~C, p — q = 3,7 (mod 8), we have for 
the general element of C£ p , q an expression A = Ai + ojA 2 , here u 2 = e 2 2 p+q = —1 and, therefore, 
u = i. Thus, from C 2 k under action of the automorphism A — > A* we obtain a general algebraic 
doubling 

C 2k © t 2k . (23) 

The tensor product C 2 <S> C 2 © ■ • ■ © C 2 — C 2r of the r algebras C 2 induces the tensor product 
of the r spinspaces E> 2 : 

§ 2 ©S2©---©S 2 =S 2 '-- 

Vectors of the spinspace E> 2 r have the form 

g&L&z-Ar = J2 s &1 © s" 2 © • • ■ © (24) 

where the each cospinor s ai from (I24p is transformed by the rule 's Q > = <r^s a! . Therefore, 

^••• d; = E4^--^£ sdld2 "- dr - ( 25 ) 

The representation (|25p is called a dotted spintensor representation of the proper Lorentz group of 
the rank r. 
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In general case we have a tensor product of the k algebras C 2 and the r algebras C 2 : 

C 2 <g) C 2 <g> ■ ■ • ® C 2 (g) C 2 <g C 2 <g> ■ ■ ■ ® c 2 ~ c 2fc ® c 2r , 

which induces a spinspace 



i 2 (g> S 2 ® • • ■ <g> S 2 



S 2 (g) • • ■ (g) § 2 



S 2 fe + r 



with the vectors 



,0i02---afc0iQ2---ar 



,Q2 



<g> s ai ® s Q2 



In this case we have a natural unification of the representations ( TT9|) and ( 125]) : 

/ ai^-^Ai^-d,; o-^irr^ . . . o£ h (fr<& ■ ■ ■ a A ' r s aic 



La2-QtQia2-«r 



(26) 



(27) 



So, a representation ( )27l) is called a spintensor representation of the proper Lorentz group of the 
rank (k, r). 

Further, let g — > T g be an arbitrary linear representation of the proper orthochronous Lorentz 
group (5 + = SO (l,3) and let Aj(t) = T a .M be an infinitesimal operator corresponding to the 
rotation tjj(i) G Analogously, let Bj(t) = T& 4 (t), where fej(t) G (3+ is the hyperbolic rotation. 
The operators A; and B; satisfy to the following relations: 



[Ai,A 2 ] 


= A 3 , 


[A 2 , 


A 3 ] 


= A 1; 


[AsA] 


= A 2 , ' 


[Bi, B 2 ] 


= -A3, 


[B 2 , 


B 3 ] 


= -Ai, 


[B 3 , Bi] 


= -A 2 , 


[Ai, Bi] 


= 0, 


[A 2 , 


B 2 ] 


= 0, 


[A 3 , B 3 ] 




[Ai,B 2 ] 


= B 3 , 


[Ai, 


B 8 ] 


= -B 2 , 






[A 2 , B 3 ] 


= B 1; 


[A 2 , 


Bi] 


= -B 3 , 






[As, Bi] 


= B 2 , 


[A 3 , 


B 2 ] 


= -Bi. 







(2? 



As is known [25], finite-dimensional (spinor) representations of the group SOo(l, 3) in the space 
of symmetrical polynomials Syni( fc ^ have the following form: 



(29) 



where k = l + l\ — 1, r = l — l\ + 1, and the pair (l , i x ) defines some representation of the group 
SOo(l,3) in the Gel'fand-Naimark basis: 

H+iku = \/ {k + v + l){k - v)£ k)U+ i, 
H-ikv = v(fc + v){k - v + T)Ck,u-i, 
F?,ikv = QVk 2 - v 2 ik-\,v - A\vik,v - Ck+iy/ {k + l) 2 - u 2 £ k +i,v, 



F + £kv = C k \J {k — v){k — v— - A k V {k-v){k + v + l)£ kjV+1 + 

+ C k+lV /{k + u + l){k + u + 2)& +li „ +1 , 
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F-i kv = -C k ^(k + u)(k + u- - A kV /(k + u)(k - V + !)&,„_!- 

- C fc+ i v/(fc - 1/ + l)(fc - 1/ + 2)6+i,,-i, 



, a zl r • / (fc 2 -/g)(fc 2 -^) rqn * 

Afc -^TI)' Cfc -^V 4F^i ' (30) 

v = —k, —k + 1, . . . , k — 1, k, 

K — ^0 ) ^0 + 1; • • • 5 

where Iq is positive integer or half-integer number, l\ is an arbitrary complex number. These 
formulae define a finite-dimensional representation of the group SOo(l,3) when l\ = (l Q +p) 2 , p 
is some natural number. In the case l\ ^ (Iq + p) 2 we have an infinite-dimensional representation 
of SO (l, 3). The operators H 3 , H + , H_, F 3 , F + , F_ are 

H + = iAi - A 2 , H = zAi + A 2 , H 3 = tA 3 , 
F + = zBi - B 2 , F_ = iBi + B 2 , F 3 = «B 3 . 

Let us consider the operators 

X, = ~i(A, + iB,), Y, = ii(A,-iB,), (31) 
= 1,2,3). 

Using the relations (|28p . we find that 

[Xjfe,Xj] = i£kim\ni [Yj,Y TO ] = iei mn Y n , [X;,Y m ] = 0. (32) 
Further, introducing generators of the form 



X + = Xi + iX 2 , X_ = Xi — iX 2 , 
Y + =Y!+^Y 2 , Y_=Y!-^Y 2 , 



(33) 



we see that in virtue of commutativity of the relations (1321) a space of an irreducible finite- 
dimensional representation of the group SL(2, C) can be spanned on the totality of (21 + 1)(2Z + 1) 
basis vectors | l,m;l,rh), where l,m,l,m are integer or half-integer numbers, —l<m<l, 
—l<m<l. Therefore, 



X 


I, m: 


; l,m) 


x+ 


I, m: 


; I, m) 


x 3 


I, m; 


I, m) 


Y 


I, m: 


; I, m) 


Y+ 


I, m: 


; I, m) 


Y 3 


I, m; 


Z, m) 



y (/' + m)(Z — m + 1) | /, m; Z, m — 1) (m > — Z), 
y (1 — rh)(i + rh + 1) | I, m; Z, rh + l) (m < Z), 



(34) 



From the relations (132]) it follows that each of the sets of infinitesimal operators X and Y generates 
the group SU(2) and these two groups commute with each other. Thus, from the relations ( 132]) and 
( |34"1) it follows that the group SL(2, C), in essence, is equivalent locally to the group SU(2) ®SU(2). 
This representation for the Lorentz group was first given by Van der Waerden in [26]. The following 
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relations between generators Y±, X±, Y 3 , X 3 and H±, F±, H 3 , F 3 define a relationship between 
the Van der Waerden and Gel'fand-Naimark bases: 



x+ 






X 


- i/f_; 


x 3 







Y- = -i(F_ + iff_), 
Y 3 = -~(F 3 + iH 3 ), 

The relation between the numbers 1$, l\ and the number I (the weight of representation in the 
basis ( I34p ) is given by the following formula: 

(l ,h) = (1,1 + 1). 

Whence it immediately follows that 

( = ±±kzl. (35) 

As is known [25J, if an irreducible representation of the proper Lorentz group SO (l, 3) is defined 
by the pair (lo,l\), then a conjugated representation is also irreducible and is defined by a pair 
±(/o, — h). Therefore, 

(lo,h)= (-U + l). 

Thus, 

i = l JLZ±L±l. (36 ) 

Further, representations C Sl ' S2 and £ s 'i ,s 2 are called interlocking irreducible representations of 
the Lorentz group , that is, such representations that s[ — s\ ± 1, s' 2 = S2 ± 1 [27]. The two most 
full schemes of the interlocking irreducible representations of the Lorentz group (Gel'fand-Yaglom 
chains) for integer and half-integer spins are shown on the Fig. 3 and Fig. 4. As follows from 
Fig. 3 the simplest field is the scalar field (£°'°. This field is described by the Fock-Klein-Gordon 
equation. In its turn, the simplest field from the Fermi-scheme (Fig. 4) is the electron-positron 
(spinor) field corresponding to the following interlocking scheme: 

£l,0 , > £0-1 . 

This field is described by the Dirac equation. Further, the next field from the Bose-scheme (Fig. 3) 
is a photon field (Maxwell field) defined within the interlocking scheme 

^2,0 < ¥ £l -1 < > £0,-2 _ 

This interlocking scheme leads to the Maxwell equations. The fields (1/2, 0) © (0, 1/2) and (1, 0) © 
(0,1) (Dirac and Maxwell fields) are particular cases of fields of the type (1,0) © (0,1). Wave 
equations for such fields and their general solutions were found in the works [2HJ |22J I3T)] . 

It is easy to see that the interlocking scheme, corresponded to the Maxwell field, contains the 
field of tensor type, C 1 ' . Further, the next interlocking scheme (see Fig. 4) 

£3,0 < > £2,-1 , ¥ £1,-2 , , £0,-3 ; 

corresponding to the Pauli-Fierz equations (31], contains a chain of the type 

^2,-1 , > ^1,-2 . 
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Fig. 3: Complex interlocking representations of Spin + (1,3) for the fields of integer spin (Bose-scheme) . 

In such a way we come to wave equations for the fields if)(ot) = (x, q of tensor type (Zi, I2) © 
(I2, h). Wave equations for such fields and their general solutions were found in the work |32j . 

A relation between the numbers Iq, l\ of the Gel'fand-Naimark representation fl30l) and the 
number k of the factors C2 in the product C2 ® C2 <8> • ■ ■ <S> C2 is given by the following formula: 

Hence it immediately follows that k = lo + h — 1. Thus, we have a complex representation £*o+h-i,o 
of the group Spin + (1,3) in the spinspace S 2 fe - If the representation (rh+h-1,0 j g reducible, then 
the space S 2 fc is decomposed into a direct sum of irreducible subspaces, that is, it is possible to 
choose in S 2 fe such a basis, in which all the matrices take a block-diagonal form. Then the field 
i/)(ot) is reduced to some number of the fields corresponding to irreducible representations of the 
group Spin + (1, 3), each of which is transformed independently from the other, and the field tl>(ct) 
in this case is a collection of the fields with more simple structure. It is obvious that these more 
simple fields correspond to irreducible representations C 

Analogously, a relation between the numbers Iq, l\ of the Gel'fand-Naimark representation fl3U|) 

and the number r of the factors C2 in the product C2 <E> C2 <8> ■ ■ ■ <E> C2 is given by the following 
formula: 

Ho, y = (-5, 5+1). 

Hence it immediately follows that r = Iq — 1\ + \. Thus, we have a complex representation gP^o-Ji+i 
of Spin + (1,3) in the spinspace §2^- 

As is known [321 EH El] , a system of irreducible finite-dimensional representations of the group 
+ is realized in the space Sym^ ^ C § 2 ft + r °f symmetric spintensors. The dimensionality of 
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-1,0 



t 



■0,-1 



-1 



C 3,0 



£(2s+3)/2,(3-2s)2 

_ £(2s+l)/2,(l-2s)/2 
_ £(2s-l)/2,-(2s+l)/2 
_ £(2s-3)/2,-(2s+3)/2 



r0,-2s 



Fig. 4: Complex interlocking representations of Spin + (1, 3) for the fields of half-integer spin 

(Fermi-scheme) . 



Sym^^-) is equal to (k + l)(r + l). A representation of the group defined by such spintensors, 

is irreducible and denoted by the symbol D^ l ' l \a), where 21 = k, 21 = r, the numbers / and / 
are integer or half-integer. In general case, the field ip(cx) is the field of type (1,1). As a rule, in 
physics there are three basic types of the fields. 

a) The field of type (1,0). The structure of this field (or the field (0, /)) is described by the 
representation D ( - l '°\a) (2) < - ' / ' ) (cr)), which is realized in the space § 2 ft (§2 r )- At this point, the 

algebra C 2 k — C 2 © C 2 © ■ • • © C 2 (correspondingly, C 2 k — C 2 © C 2 © • • ■ <S> C 2 ) is associated 
with the field of the type (/,0) (correspondingly, (0, /)). The trivial case I = corresponds 
to a Pauli-Weisskopf field describing the scalar particles. Further, at I — I — 1/2 we have a 
Weyl field describing the neutrino. At this point, the antineutrino is described by a fundamental 
representation r £i <yl ^ 2,0 \a) = a of the group (5 + and the algebra C 2 . Correspondingly, the neutrino 

is described by a conjugated representation r £i <y0,l ^ 2 \a) and the algebra C 2 . In essence, one can 

say that the algebra C 2 (C 2 ) is the basic building block, from which other physical fields built 
by means of direct sum or tensor product. One can say also that this situation looks like the de 
Broglie fusion method 



b) The field of type (/, 0) © (0, 1). The structure of this field admits a space inversion and, therefore, 
in accordance with a Wigner's doubling (36] is described by a representation ©S)^ '^ of the 
group & + . This representation is realized in the space S 2 2fc. The Clifford algebra, related with 

this representation, is a direct sum C 2 k © C 2 fc ~ C 2 © C 2 © ■ ■ ■ © C 2 C 2 © C 2 © ■ ■ ■ © C 2 . In the 
simplest case I = 1/2 we have bispinor (electron-positron) Dirac field (1/2,0) © (0, 1/2) with the 

algebra C 2 © C 2 . It should be noted that the Dirac algebra C4, considered as a tensor product 



15 



C 2 © C 2 (or C 2 © C 2 ) in accordance with (TT5|) (or fl2"61) ) gives rise to spintensors s aiQ2 (or s aiai ), 
but it contradicts with the usual definition of the Dirac bispinor as a pair (s ai ,s ai ). Therefore, 

the Clifford algebra, associated with the Dirac field, is C 2 © C 2 , and a spinspace of this sum in 
virtue of unique decomposition § 2 © § 2 = § 4 is a spinspace of C 4 . 

c) Tensor fields {I', I") © (I", I'). The fields {I', I") and (I", I') are defined within the arbitrary spin 
chains (see Fig. 3 and Fig. 4). Universal coverings of these spin chains are constructed within the 
representations £}o+h-i,io-h+i anc [ £io-h+i,io+h-i f Spin + (1, 3) in the spinspaces § 2 fe+r associated 

with the algebra C 2 © C 2 © • • • © C 2 (^) C 2 © C 2 © • • • © C 2 . A relation between the numbers Zo, h 

* 

of the Gel'fand-Naimark basis (130 p and the numbers k and r of the factors C 2 and C 2 is given by 
the following formula: 

/, ,n / k — r k + r \ 

(«) = (— — + 1 J- 

2) Real representations. 

As is known [25J, if an irreducible representation of the proper Lorentz group SOo(l, 3) is defined 
by the pair (Zo, Zi), then a conjugated representation is also irreducible and is defined by a pair 
±(Z , — h). Hence it follows that an irreducible representation is equivalent to its conjugated 
representation only in the case when this representation is defined by a pair (0, Zi) or (Z , 0), that 
is, one from the two numbers Z and Zi is equal to zero. We take Z x = 0. In its turn, for the 

complex Clifford algebra C n (C n ), associated with the representation <£?o+h-ifi (gp,io-h+i^ f +) 

the equivalence of the representation to its conjugated representation induce a relation C n = C„, 
which is fulfilled only in the case when the algebra C n = C © C£ Ptg is reduced to its real subalgebra 
Ci PA {p + q = n). Thus, the restriction of the complex representation ^-o+h-ifi ^ or gp,io-h+i^ f ^ e 
group Spin + (1,3) onto the real representation, (Zo, ^i) — > (Zo, 0), induce a restriction C n — > C£ m . 
Further, as is known, over the field F = Matp + g = (mod 2) there exist four types of real 
subalgebras Ci PA : two types p — q = 0, 2 (mod 8) with the real division ring IK ~ R and two types 
p — q = 4, 6 (mod 8) with the quaternionic division ring K ~ HI. Therefore, we have the following 
four classes of real representations of the group Spin + (1,3): 

$o a vm P~q = (mod 8), K ~ R; 

£H 2 ° <-> C£ m , p-q = 2 (mod 8), K ~ R; 

#4 <-> C£ P:q , p-q = A (mod 8), K ~ H; 

fle <-> °V P~q = Q (mod 8), K ~ H. (37) 

We call the representations ^4 and quaternionic representations of the group Spin + (1,3). 
On the other hand, over the field ¥ = M.atp + q = 1 (mod 2) there exist four types of real 
subalgebras Ct PA . two types p — q = 3, 7 (mod 8) with the complex division ring K ~ C, one type 
p — q = 1 (mod 8) with the double division ring IK ~ R © R and one type p — q = 5 (mod 8) with 
the double quaternionic division ring IK ~ HI © HI. Therefore, we have the following four classes of 
real representations of Spin + (1, 3): 

£3° <-> d p , q , p~q = ^> (mod 8), IK ~ C; 

£7 <2p,9> p-q = 7 (mod 8), K ~ C; 
^0,2 u ^0,2 ^ CKp,ff, P - g = 1 (mod 8), K ~ R © R; 

#i°6 u -^fe CJp,,, p-q = 5 (mod 8), K ~ H © H. (38) 
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Here !tH 2 U 9^ ° 2 ~ 9t ° means that in virtue of an isomorphism OL PA ~ (2 p , q -\ © C% p , q -i (or 
C£ Pt g ~ C£ q ^ p -i © C£ q ^ p -i), where p — q = 1 (mod 8) and algebras OL PA -\ (or G?g )P _i) are of the 
type p — q = (mod 8) (or p — g = 2 (mod 8)), a representation 9^° is equivalent to £Hq U SHq 
(or £H 2 ° U )• Analogously, we have $) l £ 6 USy^ 6 ~ #5 for representations of Spin + (1, 3) with the 
double quaternionic division ring K ~ H©H. Therefore, all the real representations of Spin + (1, 3) 
are divided into the two sets: 2H + (p — q = 0, 2, 4, 6 (mod 8)) and £DT (p — q = 1, 3, 5, 7 (mod 8)) 
which form a full system 9JT = 9Jt + © 9Jt~ of the real representations of Spin + (1, 3). Let us find 
a relation of the number l with the dimension of the real algebra Ci PA . Using Karoubi Theorem, 
we obtain for the algebra OL PA (p + q = (mod 2)) the following factorization: 

a p>q ~ a, i)f , © ct? Si)t . © • • • © a sutj , (39) 

11 v ' 

r times 

where s», i,- G {0,1,2}. The algebra fl39|) corresponds to the representations ■SHg, !tH 2 , -^4, of 
Spin + (1, 3). It is obvious that l = r/2 and n = 2r = p + q = 4/ , therefore, l = (p + ?)/4. When 
p + g = 1 (mod 2) we obtain 

CE Pl9 ~ CK^ © <2 Sj)tj © • • • © a shtj I) « Si)t . © <X iit , © • • • © « Si)tj . (40) 

V v ' V v ' 

r times r times 

In its turn, the algebra fj4"0"j) is associated with the double representations 9tg U JHq , 91 2 U !tH 2 and 
f# U £{° U of the group Spin + (1, 3). □ 



5 Modulo 2 and 8 periodicities in particle physics 

As is known, the Atiyah-Bott-Shapiro periodicity is based on the Z 2 -graded structure of the 
Clifford algebras OL. Z 2 -graded Clifford algebras and Brauer-Wall supergroups, considered in 
the section 2, allow one to define some cyclic relations on the representation system of (3 + ~ 
Spin + (1,3), which lead to interesting applications in particle physics (in some sense like to the 
Gell-Mann-Ne'eman eightfold way [37J). 
1) Complex representations. 

Graded central simple Clifford algebras over the field F = C form two similarity classes, which, 
as it is easy to see, coincide with the two types of C n : n = 0, 1 (mod 2). The set of these 
two types (classes) forms a Brauer-Wall supergroup BWc = G(C n ,j,0) [T7J [18], an action of 
which is formally equivalent to the action of the cyclic group Z 2 (see section 2). Returning to 
the representations of (J5 + (Theorem 3), we see that in virtue of correspondences C n -H- €. (n = 
(mod 2)) and C„ O £U£ (n = 1 (mod 2)) all the complex representations of the group (J5+ form 
the full system 9JT = 9Jt° © 9J1 1 , where Wl° (n = (mod 2)) and Wl 1 (n = 1 (mod 2)). The group 
action of BWc can be transferred onto the system Wl = Tt° © Tt 1 . Indeed, a cyclic structure 
of the supergroup BWc is defined by the transition — C n , where the type of C n is defined 
by the formula n = h + 2r, here h G {0, 1}, r G Z [L31 US]. Therefore, the action of BWc on 

the system DJt is defined by a transition <£ — ^4 £, where $>+ l i~ 1 >° ~ gfo+h-2,0 w hen £ G Wl° 
(h = 1) and € = (<£<o+Zi-i,o y g* +ii-i,oj+ _ £fo-Wi-i,o when C e Wt 1 (h = 0), dim£ = ft, + 2r 
(dim £ = l + h - 1 if € G 9JT° and dim £ = 2(Z + Zi - 1) if £ G 9J1 1 ). For example, in virtue of the 

isomorphism ~ Ci the transition — > C 2 (Ci — >■ C 2 ) induces on the system 9JT a transition 

+ + 

(j4,o _j. £i,o j n v j r ^ ue Q f isomorphism (25'° ~ £°'° is equivalent to £ 0,0 — >■ £ 1,0 (£ ' is the 
one-dimensional representation of the group (5+) and, therefore, h — 1. In its turn, the transition 
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n = 1 (mod 2) 

cue: 




n = (mod 2) 



Fig. 5: An action of the supergroup BWc = G(C n ,j,0) on 
the system 9JI = 9H° © of complex representations £ of 
©+~Spin + (l,3). 



-> C 3 (C 2 ->■ C 3 ) induces on the system 2Jt a transition (C 1,0 U £ 1,0 ) + -> C 1 - U £ 1>0 and, 
therefore, /i = 0. Thus, we see that a cyclic structure of the supergroup BWc induces modulo 
2 periodic relations on the system QJt, which can be explicitly shown on the Trautman diagram 

(see Fig. 5). Further, in virtue of the isomorphism C4 ~ C3 the transition C4 — > C4 (C3 — > C4) 

+ 

induces on the system 9Jt the following relation: G?'° — > £ 2,0 or C 1 ' — >■ £ 2 ' and, therefore, h — 1. 
Thus, a full rotation (cycle), presented on the diagram Fig. 5, corresponds to a transition from the 
representation € 1,0 of the spin 1/2, associated with the algebra C2, to the representation (£ 2,0 of 
the spin 1, associated with the algebra C 4 . It is easy to see that a sequence of transitions — > C 5 
(C 4 — » C 5 ) and — >■ C 6 (C 5 — > C 6 ) leads to a transition from the representation € 2,0 of the spin 
1 to the representation £ 3,0 of the spin 3/2, associated with the algebra Cq, and so on. Thus, the 
action of the supergroup BWc = G(C n ,j,0) on the system DJi = 9JT° © DJi 1 converts fermionic 
representations into bosonic representations and vice versa, that is, this action is equivalent to a 
supersymmetric action. 

It is obvious that a cyclic structure over the algebras C n , defined by the supergroup BWc, is 
related immediately with a modulo 2 periodicity of complex Clifford algebras 122] : C n +2 — 

C n <g) C2. Therefore, we have the following relations for the complex representations €. and £: 
Correspondingly, for the representation £ (g) £ we obtain 

Thus, the action of the supergroup BWc forms a cycle of the period 2 on the system 9JT, where a 
basic cycle generating factor is the fundamental representation (£ 1,0 (£°' _1 ) of the group + . 
2) Real representations. 

A restriction of the complex representations £ onto the real representations £R and $) leads to 
a much more high-graded periodicity over the field F = M.. Physical fields, defined within such 
representations, describe neutral particles, or particles occurring in the rest such as atomic nu- 
clei. So, the Clifford algebra Ct VA is central simple if p — q ^ 1,5 (mod 8). Graded central 
simple Clifford algebras over the field F = R form eight similarity classes, which, as it is easy 
to see, coincide with the eight types of the algebras C£ Ptq . The set of these eight types (classes) 
forms the Brauer-Wall supergroup BW-r = G(GS P;q , r y,Q) [T7J [TS], a cyclic structure of which 
is formally equivalent to the action of cyclic group Z 8 (see section 2). Therefore, in virtue 
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p - q = 1 (mod 8) p-q = (mod 8) 

K°o U K°o n 



p — q = 2 (mod 8) / 



o,2^; , -o,2 o °« 
7 1 



\7p- q = 7 (mod 8) 

6 2 

p - g = 3 (mod 8)^° flip - q = 6 (mod 8) 

"5 3 



y 4^ 

p-q = 4 (mod 8) 4 ~ pt? q = 5 ( mo d 



' S>%^JL~ S&«U Sfi 



Fig. 6: An action of the supergroup BWr = G(G? P)? , 7,0) on 
the system 9Jt = Wl + © of real representations 2) of C5 + ~ 
Spin + (1,3), / = 2+2. 



of the correspondences (l3"7j) and ( 1381) an action of BWu can be transferred onto the system 
DJl = 9Jl + © 9Jt . In its turn, a cyclic structure of the supergroup BWr is defined by a tran- 
sition G?+ 9 — > C^p,q, where the type of C£ Ptq is defined by the formula q — p = h + 8r, here 
h G {0,...,7}, r G Z [151 US]- Thus, the action of BW-r on the system 9Jt is defined by a 

transition 5° where 2)'° = {<Rj 2 , #J 6 , Cj 7 , 9^ 2 U SHj a , J5j 6 U i^ 6 }, and lV/ 2 ~ if 

D G Wl + and (V /2 U D r/2 ) ~ D r/2 if 2) G 9JT. Therefore, the cyclic structure of the supergroup 

-BPVir = G(C£ p , q , 7, O) induces on the system 971 modulo 8 periodic relations, which can be shown 

explicitly on the diagram Fig. 6. Let us consider in detail one action cycle of the supergroup BWu 

on the system DJl = 9Jt + ©9Jl - . In virtue of an isomorphism C£\ x ~ C$1,0 a transition C£\ x — > C$i t i 

1 

(C?i,o C^i,i) induces on the system 9Jt a transition U 9^ ->• , where C?i )0 ~ C? ,o U C? ,o is 

1 

an algebra of double numbers, 9\q is the field of real numbers, is a real representation of the 

spin 1/2, associated with the algebra C$i y i- At this point, h = and r = (an original point of 

the first cycle). Further, in virtue of C£f 2 — C%i,i a transition C£\ 2 ~ > C$.1,2 (C$1,1 ~> CZ\p) induces 

1 1 1 

on the system 9Jt a transition 9^q — > *Kq U!lKq , at this point, h — 1 and r = 0. The following tran- 
sition 0?+ 3 -»■ CR li3 (a?i, 2 -> CKi >3 ) in virtue of d?+ 3 ~ CKi, a leads to a transition 9*| U 9l| -»■ 
where fjg is a quaternionic representation of the spin 1, associated with the algebra C$i$. At 
this transition we have h = 2 and r = 0. In virtue of an isomorphism C£f 4 ~ Ci\$ a transition 
~ * C^i,4 ((-^1,3 ~t C$1,4) induces on the system 9JI a transition .fjg — > f}g Uijg, at this point, 

h = 3 and r = 0. Further, in virtue of C?+ 5 ~ C3?i )4 a transition Cf^ 5 — > C$1,5 (C$1,4 — > C$1,5) 

3 3 

induces on the system DJi a transition S)\ Ufjg — )■ ijj , where f)J is a quaternionic representation of 
the spin 3/2, associated with the algebra C$1,5. At this transition we have h = 4 and r = 0. The 

following transition C£f 6 — >• CKi,6 (C^i,5 — > C?i,6) in virtue of Ctf 6 ~ C^i,5 leads to a transition 

333 

■^4 ->• Uio|, at this point, h = 5 and r = 0. The transition Ct\^ -> di )7 (C?i )6 -)■ ^1,7) in 

3 '3 

virtue of C?^ 7 ~ C?i j6 induces on the system 9Jt a transition f)\ U ^| — )■ £H 2 , where 9^ 2 is a real 
representation of the spin 2, associated with the algebra Ot\j. At this transition we have h = 6 
and r = 0. Finally, a transition C£f 8 — > CZi$ (C%ij — > C^i,s) finishes the first cycle (h = 7, r = 0) 
and in virtue of C£f 8 ~ C?ij induces on the system 9JI the following transition: liK 2 , - > 9^ 2 U^- ^ 
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is obvious that a new cycle (h = 0, r = 1) is started with a transition Ct^ 9 — >■ Cfi j9 (Cf?i j8 — >■ CJ^g) 
and so on. 

Further, a cyclic structure over the algebras C£ Ptq , defined by the supergroup BW^, is related 
immediately with the Atiyah-Bott-Shapiro periodicity [H]. In accordance with [13] the Clifford 
algebra over the field F = R is modulo 8 periodic: C£ p+ s, Q ^ C£ Ptq <g> G? 8) o (C^p,g+8 — C^ P ,<? <E> C^q,s)- 
Therefore, the following relation takes place: 

D' 0+2 ~ ® l ° <8)JHg, 

since 5Hq <->■ C^ 8 ,o (C^o.s)- in virtue of the theorem 2 from (J32J) it follows that C£ 8 ,o — C£ 2 ,o <S> 
C£ , 2 <8> C£o )2 <g> C? 2 ,o (C^o,s - C^o,2 <8> C? 2 ,o <8> C£ 2 ,o <8> C£ 0) 2). A minimal left ideal of the algebra 
C£g,o is the spinspace Si6, which in virtue of the real ring IK ~ R is defined within a full matrix 
algebra Mati6(R). At first glance, from the factorization of the algebra ds,o it follows that 
Mat 2 (M) (8> H <8> H ® Mat2(R) 9^ Mati6(R), but it is wrong, since there exists an isomorphism 
EI <S) H ~ Mat^R) (see Appendix B in |38])- On the other hand, in terms of minimal left ideals 
the modulo 8 periodicity is defined as follows: 

S n+8 ~ § n g> §i 6 . 

In virtue of the mapping 7 8 : G? 8)0 — > Mat 2 (0) [2HJ SO], the latter relation can be written in the 
form 

§ n+8 ~§ n ®o 2 , 

where O is an octonion algebra. Because the algebra C? 8 ,o — C^o,8 admits an octonionic represen- 
tation, then in virtue of the modulo 8 periodicity octonionic representations can be defined for 
all high dimensions and, therefore, on the system Wl = Wl + © 071 of real representations of the 
group (J5+ we have a relation 

where D is an octonionic representation of the group (5+ = Spin + (1,3) (D ~ SH^) . 
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